Abstract. We show that a smooth projective variety admits a Chow-Künneth decomposition if the cohomology has level at most one except for the middle degree.
Introduction
Let X be a smooth projective variety over a field k. Murre's conjecture ( [8] , [9] ) predicts the existence of projectors π j in the Chow group of X × X with rational coefficients which are orthogonal to each other and whose images in the Chow group modulo homological equivalence give the usual Künneth decomposition of the diagonal class. So far this conjecture is proved for curves, surfaces, abelian varieties, uniruled 3-folds, Calabi-Yau 3-folds, etc., see [4] .
Let l be a prime different from the characteristic of k. Let X k be the base change of X by an algebraic closure k of k. We sat that
In this paper we prove Theorem. Assume H j (X k , Q l ) has level ≤ 1 for any j < n := dim X. Then X admits a Chow-Künneth decomposition.
Corollary. If dim X = 3, Γ(X, Ω 2 X ) = 0 and char k = 0, then X admits a ChowKünneth decomposition.
For a generalization to the higher level case, we would need stronger conjectures of Murre [9] for certain varieties of lower dimensions together with the standard conjectures [5] . In the case of a general threefold, we would need the inclusion
together with the standard conjecture of Lefschetztype for X, where Y is a general hyperplane section of X and h j (Y ) is the 'image' of the projector π j .
1. Projectors of restricted type 1.1. Let n = dim X. We say that a projector π ∈ CH n (X) Q has pure cohomological degree j if its action on H i (X k , Q l ) vanishes for i = j. (Here a projector means π 2 = π and the composition of correspondences are defined as usual.) We say that π is a projector of restricted type with degree j if there is a smooth projective variety Y of pure dimension m having a projector π ′ with pure cohomological degree 
′ * , and furthermore we have the inclusion (ii) If j ′ = 1, the inclusion (1.1.2) in the above definition follows from the theory of abelian varieties ( [6] , [7] , [11] ), see [8] , [10] . In general, it is closely related to Murre's conjectures, see [9] .
(iii) The above conditions imply that the action of
are the identity. Let π be a projector of restricted type with degree j. Then so is π :
Proof. We have π 2 = π by (1.1.2) together with Remark (1.2)(iii).
1.4. Proposition. Let π be a projector of restricted type with degree j. Let π ′ i be projectors which commute with each other and whose actions on
′ is a projector of restricted type with degree j which is orthogonal to the π ′ i , and
Proof. This follows from Lemma (1.3).
Construction of projectors
2.1. Proof of Theorem. We construct the projectors π j and π 2n−j by increasing induction on j < n. For j = n, put π n = ∆ X − j =n π j as usual. Since the assertion is proved by Murre [8] for j ≤ 1, we may assume j ≥ 2. By assumption there is a closed subvariety Z of codimension p ≥ (j − 1)/2 such that we have the vanishing of the restriction morphism
Here we have either j = 2p or 2p + 1. We fist consider the case j = 2p + 1. Put d = n−p. Replacing Z if necessary, we may assume that Z is pure dimensional and furthermore it is a complete intersection. Let Z be a smooth projective alteration of Z, see [3] . Then the above condition implies the surjectivity of
where the correspondence Γ ρ ∈ CH n (X× Z) is defined by the graph of the morphism ρ : Z → X, and (2.1.1) is equal to the Gysin morphism associated to ρ. (This can be proved by using the decomposition theorem [1] because RΓ Z Q l is a perverse sheaf up to a shift and its lowest weight part is the intersection complex.) Composing this with an iteration of the correspondence defined by the diagonal of a general hyperplane section, we get a correspondence Γ ∈ CH 2d−1 ( Z × X) whose action
is the composition of (2.1.1) with L n−j and is surjective, where L is the cup product with the hyperplane section class (note that 2n − j = 2d − 1). Its dual
is injective. Consider its composition with (2.1.1)
Q induces a morphism φ of the Picard variety to the Albanese variety of Z. By the semisimplicity of abelian varieties there is a morphism ψ of the Albanese variety to the Picard variety such that ψ • φ is an idenpotent up to a nonzero constant multiple and Ker ψ • φ = Ker φ (splitting the short exact sequences associated to Ker φ, Im φ, etc.) By the theory of Picard and Albanese varieties, ψ corresponds to a correspondence Λ ∈ CH 1 ( Z × Z) Q whose cohomology class is contained in [8] , [10] ). Then, replacing Λ by a nonzero constant multiple if necessary,
is a projector with pure cohomological degree 1, and we have
This is a projector of restricted type with degree j. By Proposition (1.4) we can modify it so that it is orthogonal to π i and π 2n−i for i < j. We define π 2n−j by t π j . However, the orthogonal relation between π j and π 2n−j is not clear, and we apply Proposition (1.4) again to modify π j . (So the obtained decomposition is not self-dual.) For j = 2p, we replace abelian varieties by finite dimensional Q-vector spaces, and the argument is similar.
Remark.
In the case of a threefold such that H 2 (X k , Q l ) has level 2, it is quite difficult to show the inclusion End(h 2 (Y )) ⊂ End(H 2 (Y k , Q l )), where Y is a general hyperplane section of X. In this case we would need also the standard conjecture of Lefschetz-type for X.
